Abstract
Introduction
Surfaces with tangential hairs or grooves often occur in nature and in man-made environments. Examples of such surfaces are the coats or fur of many animals (horses, cats, and dogs), artificial materials that look and feel like the pelts of animals, hair on human heads, parts of industrial machinery with tangential grooves, etc. When these surfaces are illuminated, arched or looped highlights are often observed across the hairs or grooves; these highlights look quite different from specularities on smooth surfaces which are generically punctate. The curvature of the specular curve is a result of several factors that are involved in reflection, e.g., the shape of the surface, the orientation of the hairs or grooves, and the lighting and viewing conditions. When the hairs are irregularly oriented such highlights can be very broad and are easily mistaken for shading. This is often the case with human hair.
Recovering material properties from optical cues is increasingly important in scientific and industrial applications. Techniques have been devised that enable us to deduce the shape of objects from shading [1] , separate highlights from object color [2] , judge shape and motion [3] , obtain light wavelengths from reflections in rippled water [4] , and estimate surface roughness from the study of highlight structure [5] . If surfaces have tangential hairs or grooves, it should therefore be possible to derive the shape of surfaces and the orientation of the hairs or grooves from observations of the geometry, orientation, curvature, topology, and nature (width, texture, contrast, color) of the specularities.
We begin our study by making a qualitative investigation of specularities on hairy or grooved surfaces. Examples of the geometry of such specularities are given for specific surfaces such as those of planes, cylinders, and spheres covered with tangential hairs. Next, a quantitative analysis of the local differential geometry is used to characterize the position, orientation and curvature of specularities. In these calculations, the light source and the vantage point are taken to be infinitely far away, but it is trivial to generalize. Furthermore, the surface structures in this study are generally large with respect to the wavelength of visible radiation. Qualitative properties of specularities are deduced from the calculated direction of specular curves. Specific predictions of the location of specularities are presented for special surfaces, e.g., planes, spheres, and a hyperboloid.
Finally, the predictions are confirmed with experiments conducted using cylinders, cones, and spheres.
Theory

Qualitative investigation of the specular curves
Specularities occur where the surface normal bisects the directions of incidence and reflectance (see Fig. 1(a) ). When the light source and viewing point are effectively infinitely far away, the light rays incident on the surface as well as the perceived light rays are parallel. If the surface is smooth, the whole plane will reflect. The tangential hairs are elongated cylindrical tubes, observed under a microscale, which reflect to all directions within the plane perpendicular to the axis of the tube (see Fig.  1(b) ). If the surface is covered with tangential hairs of different orientations and the surface normal happens to bisect the viewing and lighting directions, then all the hairs will reflect (see Fig. 1(c) ). In Fig. 1(c) , the surface is a plane that is perpendicular to the direction of the specular normal. We conclude that the hairs contributing to the specular reflection lie in planes orthogonal to the bisector of directions of incidence and reflectance (see Fig. 1(d) ). If the hairs are tangential on a curved surface, then specularities will be seen on parts of hairs that happen to lie on planes orthogonal to the bisector. In other words, the specularities will appear on those parts of hairs that are tangent to the intersection of the surface with this family of parallel planes. This is the sought for general condition that the specularities have to satisfy.
Using the last observation, we examine a number of special cases of specularities on surfaces with tangential hairs. In the following figures, the solid lines indicate the orientation of tangential hairs, the dashed lines denote the intersection of surfaces with the planes that are orthogonal to the bisector, and the highlights are indicated by bold lines or points.
If the surface is flat, then the intersections of orthogonal planes with this surface are parallel straight lines (see Fig. 2(a1) ). On a gramophone record, the specularities form a line of points where the intersections are tangent to the circular grooves (see Fig. 2(a2) ). On a plane with radial hairs, the specularities appear on hairs coinciding with the intersection (see Fig. 2(a3) ).
If the surface is cylindrical and the hairs run horizontally along the sides of the cylinder (see Fig.  2(b1) ), then specularities will occur when the intersections of orthogonal planes with the cylinder are elliptic rings (see Fig. 2 
(b2)).
A specular point appears when the rings of hairs are tangent to the intersections (see Fig. 2(b3) ). The specularities form a line of points (see Fig. 2(b4) ). If the surface is cylindrical and the hairs run vertically along the sides of the cylinder (see Fig. 2(c1)), then specularities will occur when the intersections of orthogonal planes with the cylinder are rectangular loops (see Fig. 2(c2) ). Since each hair will be tangent to the intersection (see top view in Fig. 2(c3) ), all hairs will light up (see side view Fig. 2(c4) ). This therefore is a degenerate case.
If the surface is spherical and the hairs run along meridians (see Fig. 2(d1) ), then the intersections of orthogonal planes with the sphere are circular rings (see Fig. 2(d2) ). A specular point appears where the hair is tangent to the intersection (see Fig. 2(d3) ). When the surface is covered with hairs, the highlight is like a closed loop that passes through one pole of the sphere (see Fig.  2 
(d4)).
Sometimes there exist singular points in the distribution of the hairs, whose lowest orders are of rotation index ±1/2. In Fig. 3 (a) and (b), the two generic types of singularities are illustrated in detail. In Fig.  3 (a1) (or 3(b1)), the coordinate of a random point in a two dimensional coordinate space is given by (x,y). A line connecting the origin (0,0) and the point (x,y) has slope y/x. A line can be found passing through (x,y) with 1/2 (or -1/2) slope of y/x. If such lines are drawn for every point in the two dimensional space, then what we get is hair orientation with rotation index 1/2 (or -1/2), which is shown in Fig. 3 (a2) (or 3(b2)), where the line elements indicate the orientation of tangential hairs, and the solid lines are asymptotes. The singularities of rotation index ±1/2 are of the lowest order among the singular points. Higher order singularities are formed from the connection or combination of lower order ones [6] . The highlights move across the hairs as the lighting or viewing conditions are changed, but they will always end at the singular points; thus the end points are stationary and tangent to the surface. In Fig. 3(c) , the curvature of hairs is represented by a quadratic function, and the intersections form an angle ϕ with the X-axis. If the lighting or viewing conditions change, then the change of the position of the highlights in the X-coordinate is
Thus the shift of the highlight is inversely proportional to the curvature of the hairs. In other words, the higher the curvature of the hairs, the less the highlight shifts from the original position, when the lighting or viewing conditions are changed. This means that the specularities tend to stick to high curvature "ridges". This phenomenon is observed in nature. A singular point has a curvature of infinity, and the highlight always ends at the point.
Local analysis, derivation of positions and orientations of specularities
A generic smooth surface with tangential hairs can always be characterized by a point,
in a space-variant coordinate system, in which the Z-axis coincides with the surface normal and the X-axis coincides with the local hair direction, which is chosen for the convenience of calculation (see Fig. 4 ).
The coordinate system can be reparameterized such that x u v u ( , ) = . 
In this derivation, the point light source is positioned infinitely far away from the surface; the incident light rays therefore can be considered parallel. Furthermore, the physical dimensions of hairs are generally large with respect to the wavelength of visible radiation. We have shown in the last section that the hairs contributing to the specular reflection lie in planes orthogonal to the bisector of the direction of incidence and reflectance. For the convenience of calculation, we assume the bisector n lies in the YZ-plane. Thus we set n( ) { ,cos ,sin } ϕ ϕ ϕ = 0 . (8) If the hairs are along the u direction, specularities occur when
If we solve for v up to the second order in the series expansion, the above expression gives two solutions for v. We know that the specular curve should pass through the origin; so in the end we have v as a function of u and ϕ, 
Thus we obtain an expression for the location of the specularities, It can be seen in Fig. 5 that the cases without cubic terms are totally degenerate. The occurrence of specular curves in cases (a), (b), and (c) was discussed previously in section 2.1 and verified again in the calculation. The specular curves on the surface of a monkey saddle are computed with additional cubic terms in the coordinates. It appears that the application of Taylor's series expansions up to the third order suffices to explain the geometry for any given surface or hair orientations. Fig. 6 , where (a) is a cylinder with vertical hairs; (b) a cylinder with horizontal hairs; (c) a cone with vertical hairs; (d) a cone with horizontal hairs; (e) a sphere with hairs orthogonal to meridians; (f) a sphere with hairs along meridians. The figure is divided into six windows; the left columns in each window show the calculated specularities, and the right columns the photos of highlights taken under the same lighting and viewing conditions as those used in the calculation. We can see that they correspond closely.
Typical examples of specularities
(a) (b) (c) (d) (e) (f) (g)
Experiments with real objects
To demonstrate that the calculated specularities correspond to what are observed in real life, we have taken photos of highlights on samples with tangential hairs, e.g., on cylinders, cones, and spheres. The results are shown in
Discussion
The curvature of the highlight observed on surfaces with tangential hairs results from the shape of the surface, the orientation of the hairs or grooves, and the lighting and viewing conditions. Quite a few generic properties can be deduced from a qualitative analysis of the relevant geometry. Highlights on special surfaces, e.g., planes, cylinders, cones, and spheres can easily be calculated explicitly. The surfaces in nature can be treated as variations or approximate combinations of these special surfaces, so the shape of the highlight can be easily intuited. For example, highlights on straight long hair can be understood as a combination of specularities on a sphere and a cylinder. On the top of the head one observes a specular ribbon that passes through the crown of the head. Where the hair falls more or less straight down one has the singular case of Fig. 2c and almost all of the hair surface reflects specularly.
We can make some general observations about the dependence of the curvature of the highlight on the surface shapes and hair orientations. When the surface is viewed in the plane of the hair direction and the surface normal, the shape of the surface is irrelevant; it is only the curvature and splay of the hairs which count. When the surface is viewed along the normal direction the highlight depends only on the surface curvature, not on the curvature or splay of the hairs. In the special cases where the specular curves run along the hairs or perpendicular to the hairs, the curvature or the splay of the hairs has a special relation with the viewing direction. We have found that the curvature across the hair direction is irrelevant as far as the direction of the specular curve is concerned.
A simple method can be used to find the locations of specularities on surfaces with tangential hairs or grooves. The hairs or grooves contributing to the specular reflection lie in planes orthogonal to the bisector of directions of incidence and reflectance. If the hairs or grooves are tangential on a curved surface, then Photos of highlights on real objects. specularities will be seen on parts of hairs or grooves that happen to lie on planes orthogonal to the bisector. In computer graphics, if the curvature of the surface, and lighting and viewing conditions are known, the locations of the specularities can be quickly found using this method. The specularities will appear on those parts of hairs or grooves that are tangent to the intersection of the surface with the planes.
There are two generic types of hair singularity at which the highlights always end.
In non-generic cases singularities may be compound. For instance, the radial pattern of Fig. 2d is due to two coincidental singular points of type Fig. 3a right. Then the two "ends" coincide and the specular curve appear to be "closed". We have found that the higher the curvature of the hairs, the less the highlight shifts from the original position when the lighting or viewing conditions are changed. The highlight tends to stick to the point where the hair curvature is high. A singular point has a curvature of infinity, so the highlight always ends at the point. Under visual observation, when lighting or viewing positions are changed, if a part of the highlight tends to stick to the same location, then this means that the hairs around that location have high degrees of curvature.
For a local analysis, locations of specularities can be calculated using the method introduced in Sect. 2.2. The orientation of the hairs or grooves and the curvature of the surface can be parameterized with Taylor's series expansions. The hair structures are generally large with respect to the wavelength of visible radiation. The light source and the eye are taken to be effectively infinitely far away, but it is easy to generalize for other cases. The incident light from a diffuse source can be seen as a composite of light from a number of point sources positioned at different directions at infinity. For light sources or vantage positions at different distances from the surface, imagine a Fresnel ellipsoid [7] that has foci at the vantage point and the light source. The specular point is a point where the hairs are tangent to the ellipsoid. It is a well-known property of the ellipsoid that lines from any point on its surface to the foci subtend equal angles with the tangent plane.
When the surfaces with tangential hairs or grooves are illuminated, arched or looped highlights are often observed. When the hairs are irregularly oriented such highlights can be very broad and are easily mistaken for shading.
The techniques that are used to gather information on the shape of objects from shading have to be adjusted when used in surfaces with tangential hairs or grooves.
